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1. INTRODUCTION 
A commonly used method for theoretically establishing subcriticality of a 
given physical system is to show that the corresponding time-independent 
linear integral transport equation has a nonnegative solution for any non- 
negative inhomogeneous term. Olhoeft [l] used this approach to establish 
subcriticality for the physically obvious case of nonmultiplying transport (see 
Section 2 for precise definition of terms). Case and Zweifel [2] extended this 
result to permit the possibility of multiplying particles, provided the under- 
lying region has a finite optical diameter. The latter restriction excludes the 
computationally important case of transport in a slab. Keller [3] used this 
method to establish a subcriticality theorem which permits the possibility of 
multiplying transport in a slab of finite thickness, but is restricted to mono- 
energetic transport with isotropic distribution of secondary particles. Our 
aim here is to apply this method to establish subcriticality theorems for multi- 
plying transport of variable ennergy particles in a slab of finite thickness, with a 
general law of distribution of secondary particles. 
The basic definitions and notation are given in Section 2. Some preliminary 
propositions are collected in Section 3. An immediate corollary of these 
propositions is the above-mentioned theorem of Olhoeft in its restriction to 
slab geometry. The objective in Section 4 is to show that existence of a 
nonnegative solution of the integral transport equation for every nonnegative 
inhomogeneous term is equivalent to uniform convergence of the Neumann 
series of the integral transport operator. In Section 5 we use this equivalence 
* The Oak Ridge National Laboratory is operated by Union Carbide Corporation 
for the U. S. Atomic Energy Commission. This work was partially supported by 
NSF Grant No. GP 8856, and is based on a portion of a dissertation submitted to 
the University of New Mexico in partial fulfillment of the requirements for the 
Ph.D. degree in mathematics. The author is indebted to his advisor, Professor G. 
Milton Wing, for many helpful suggestions and discussions. 
90 
SUBCRITICALITY FOR TRANSPORT IN A SLAB ‘91 
to give an example which shows, perhaps somewhat surprisingly, that our 
approach to subcriticality cannot be extended so as to imply subcriticality for 
multiplying systems, at least without making some assumptions additional 
to the most obvious ones. Section 6 contains the main results, namely two 
theorems which give conditions under which subcriticality obtains for multi- 
plying transport. The hypothesis of one of these theorems is simply that the 
integral transport operator be essentially compact in the L1 space underlying 
our work, and Section 7 is devoted to a theorem giving sufficient conditions 
for this to be true. In Section 8 we discuss an abstract model of particle 
transport in slab geometry. This abstract model includes both the classical 
continuous velocity models and discrete approximations to these, such as 
multigroup and discrete ordinates. All of the preceding results have immediate 
extensions to the abstract model. Some concluding remarks are given in 
Section 9. The remainder of the introduction contains a very brief discussion 
of other works which contain some point of contact with the present 
results. 
It is well known [48] that certain pathological features appear in time- 
dependent problems which permit particles having arbitrarily large transit 
times. In stationary problems one would expect corresponding difficulties to 
be associated with particles which “see” a large optical distance between 
themselves and the system boundary. The restrictions we need to obtain 
existence theorems which imply subcriticality for some multiplying systems 
serve essentially to eliminate the possibility of such particles. The pathological 
features of the example of Section 5 are due to a plethora of such 
“particles”. 
This work has some relation to many earlier studies, including, in addition 
to those mentioned above, those of Hopf [9], Vladimirov [IO], Mullikin [I I], 
Anselone [12], and Nestell [13]. The precise relation between our results and 
earlier studies is discussed more extensively in references 14 and 15. Here we 
simply say that most of the earlier works either apply only to nonmultiplying 
transport, or use, in some essential way, a restriction on the distribution of 
secondary particles, whereas we are primarily interested in multiplying 
systems and general scattering laws. 
Rather than attempting to characterize the systems for which the integral 
transport equation has a nonnegative solution for all nonnegative inhomo- 
geneous terms, it is just as reasonable to inquire, for a given system, as to 
which nonnegative inhomogeneous terms yield a nonnegative solution of the 
integral transport equation. This leads quite naturally to a concept of sub- 
criticality which depends on the (internal and external) particle sources, as 
well as the transport properties of the system. The structure of this concept 
has been studied for slab geometry [ 141. These results will be communicated 
elsevvhere. 
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2. DEFINITIONS AND NOTATION 
The slab faces are assumed to be perpendicular to the z-axis, and located 
at z = 0 and 2 = a, with 0 < a < 00. Particle velocities are denoted generic- 
ally by v. They are determined by the speed, V, and direction 8 (= unit 
vector in E3). The direction cosine of Q relative to the z-axis is denoted by p. 
The velocities range over some space I’, which for the moment is taken either 
as E3 or the sphere in E3 of given radius ZI > 0. The latter corresponds, of 
course, to monoenergetic neutrons. In each of these instances the usual 
measure on V will be assumed, and it will be denoted dv. The reals and [0, a] 
are always to be regarded as equipped with linear Lebesque measure. The 
corresponding product measure on [0, a] x 1’ will be denoted simply dz dv. 
In any discussion involving more than one particle all of the quantities 
relating to a given particle will be indicated by the same modifier, either 
primes or subscripts. 
The transport properties of the system are characterized by a parameter 
and two functions: 
y = maximum over all points (z, v) in the system phase space of the 
expected number of secondary particles resulting from a collision at (z, v); 
u(z, v) = attenuation coefficient at (x, v); 
k(z’, v’, v), defined so that +(z’, v’, v) dv is the expected number of 
secondary particles in dv at v resulting from a collision at (z’, v’). 
These quantities are all nonnegative, for physical reasons. The adjective 
multiplying is used if y > 1, and otherwise the situation is described as non- 
multiplying. We shall make the technical assumption that o and K are jointly 
measurable in their arguments. We shall occasionally use the optical thickness 
associated with the velocity v, which is defined as the integral c a(~, v) dz. 
Finally, we shall frequently use the inequality 
I k(z’, v’, v) dv < 1, (1) V 
which follows immediately from the definitions of y and k. 
Let C&Z, v) be the angular flux of particles at (z, v), and denote by q(z, v) 
the known angular flux at (z, v) due to unattenuated neutrons from the given 
(internal and external) neutron sources. Then the integral transport equation 
for v is 
~,=Y&+Q, (2) 
where the operator K is defined by 
Kg@, v) = s; 1 s, $ k(z’, v’, v) g(z’, v’) u(z’, v’) dv’l 
1 
[ 1 
4 
1 . exp - - o(s, v) ds dz’, P 2’ 
(3) 
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with 
a^= )Zv CL > 0, 
, p < 0. 
We define the measure r on [0, a] x V by 
d~(z, v) = u(z, v) dz dv. 
The class of T-integrable real-valued functions shall be denoted Y(T), and 
the corresponding set of Lebesque equivalence classes shall be denoted L’(T). 
We will not usually distinguish between an element of Zp’(~) and the corre- 
sponding member of L1(7). Similarly, sets of zero s-measure shall be ignored, 
when convenient. The measure space consisting of [0, a] x I’ equipped with 
T will frequently be denoted X. 
3. PRELIMINARY PROPOSITIONS 
The operator K is defined by the iterated integral (3). This iterated integral 
and the corresponding multiple integral are equal, consequently K is an 
integral operator relative to the measure T, with kernel given by 
1 
K(z, v, x’, v’) = irlk( 4,~) ds; , 
p(z - 2’) > 0, (4) 
0, otherwise. 
Let the real-valued function p be defined formally by 
I 
a-d 
p(z’, v) = p-1 
3’ 
u(z,~)~exp~--~-~~~,~~(~,v)ds~d~. (5) 
The following proposition then follows from the fundamental theorem of 
calculus. 
(PI) For v such that p # 0 and the corresponding optical thickness is 
finite, ~(a’, v) exists for every z’, 0 < a’ < a, and is given by 
p(z), v) = 1 - exp I- p-l Iued u(s, v) ds/ . 
z’ 
Consequently 0 < p(.z’, v) < 1 for every such a’ and v. 
By forming the integral defining 11 Kfll in Lo for arbitraryf in Lo, and 
rearranging the order of integration while performing some obvious esti- 
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mates (see, for example, [2] or Section 7.15 of [ 16]), we may prove the following 
result. 
(P2) Suppose that the optical thickness corresponding to almost every 
velocity v is finite. Then the operator K maps Us into itself, with equivalent 
elements going into equivalent elements. Furthermore we have the inequality 
II K II < y;g j, P(Z), v’) &‘, v’, 4 dv (6) 
for K regarded as a linear operator onLl(~). 
From (PI), (P2), and (1) it follows that, under the hypothesis of (P2), 
11 K ]j < 1. Consequently, for y < 1 the Neumann series of (2) converges to 
the unique solution of (2) inLl(~). Furthermore, since K is a positive operator 
( i.e., it maps nonnegative functions into nonnegative functions), the limit 
of this series is nonnegative provided q is nonnegative. Thus we have proved 
the following theorem, which is essentially the specialization to slab geometry 
of the result of Olhoeft which was mentioned in the introduction. 
THEOREM 1. If the optical thickness corresponding to almost every velocity 
v is finite, then a nonmultiplying system is subcritical. 
4. POSITIVITY OF (~1 - K)-l 
In all further discussion we shall tacitly assume that the assumption of (P2) 
holds, although this assumption will be made explicit in the formal statements 
of results. The operator K will then be regarded as a positive bounded linear 
operator on L’(T), in accordance with (PI), (P2), and (1). All functions are in 
L’(T) and statements regarding convergence of sequences of functions are to be 
interpreted relative to the norm on L1(T). 
We are interested in finding conditions under which (2) has a nonnegative 
solution q for any given nonnegative q. It is obvious that this situation obtains 
if, and only if, (71 - K)-1 exists and is a positive operator defined orz L’(T). 
(We note parenthetically that these conditions imply (~1 - K)-l is bounded 
[17].) Our objective in this section is to establish two additional conditions 
which are equivalent to positivity of (~1 - K)-l on L1(T). 
Let q(z, v) be an arbitrary nonnegative function. If the Neumann series 
z y”K”q converges, then it is easily seen that the limit function ‘p is a non- 
negative solution of (2), owing to positivity and continuity of K. Conversely, 
if (2) has a nonnegative solution q~, then v majorizes each partial sum of 
x ynKnq, and the monotone convergence theorem establishes convergence of 
this series. Thus we have shown that existence of a nonnegative v satis- 
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fying (2), for every nonnegative q in Lo, is equivalent to convergence of 
the Neumann series C ynKnq for each nonnegative q. 
We now collect a few well-known facts from functional analysis, as given, 
for example, by Taylor [18]. Let yr = ri(K) be the radius of convergence of 
the series 
R, =z f fK” (7) 
n=0 
relative to the uniform operator norm. Then we have 
y1 = ;& 11 K” ll-l/vz >, II K”’ Il-lln@, m = 1, 2,... . (8) 
The function R, , defined by (7) d an analytic continuation in y, is analytic 
for a given value of y if, and only if, (~1 - K)-l exists as a bounded linear 
operator, in which case R, = (~1 - K)-l. Just as for complex-valued 
analytic functions it is true that there is some singular point of R, on the 
circle 1 y / = yi . The positivity of K implies that y = yr is itself such a 
singular point [ 171. 
Obviously y < y1 is a sufficient condition for x yllK”q to converge for 
any nonnegative q. We assert that it is also a necessary condition. For suppose 
that x ynKnq converges for every q > 0 for some y > yi . Then C ylnKn 
converges strongly, and the limit operator is bounded, by the Banach- 
Steinhaus theorem (see p. 135 of [16]). Simple computations then show that 
the limit operator is equal to (~~1 - K)-l. But this denies the known fact that 
yr is a singular point of R, . 
The main result of this section may be summarized as follows. 
LEMMA 1. Suppose the hypothesis of Theorem 1 holds. Then the followiqg 
four statem.ents are equivalent: 
(a) (~1 - K)-i is a positive bounded linear operator on Lo; 
(b) Equation (2) has a nonnegative solution q in L’(T) for every nonnegative q 
in Ll(7); 
(c) The Neumann series C ynKnq converges in Lo for every nonnegatizle q 
in L’(T); 
(d) y < y1 , where y1 satisfies (8). 
5. AN EXAMPLE 
The conclusion of Theorem 1 may be restated as the inequality y,(K) 3 1. 
Our objective in this section is to show that this inequality is sharp; i.e., we 
display an example which satisfies the hypothesis of Theorem 1 and is such 
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that rr(K) = 1. This result, taken in conjunction with Lemma 1 of the pre- 
ceding section, shows that hypotheses stronger than those of Theorem 1 are 
required in order to use the present method to establish subcriticality for 
multiplying systems. 
The example consists of the monoenergetic neutron transport problem with 
v = 1, u = 1, and k defined by 
1 
79 
k(z’, v’, v) = k&L, p) = v 
0, otherwise. 
The fundamental inequality (1) is easily seen to hold. The integral transport 
operator corresponding to this k will be denoted K, . 
We shall show that yr = 1 for this particular model. This will be accom- 
plished by displaying, for arbitrary y > 1, a function q (depending on y) such 
that the Neumann series C ynKrnq diverges in Lo. This will show that the 
Neumann series for K1 diverges uniformly for each y > 1, and consequently 
that rr(K,) < 1. Since rr(K,) > 1 as observed above, we conclude that 
rdK,) = 1. 
It remains only to construct q as promised. Let y > 1 be given and choose 
pLo > 0 so small that y[ 1 - exp( - a/2&] > 1. Let q(z, PC) be defined by 
otherwise, 
and let qn = K,nq. We shall now establish inductively that the inequality 
is satisfied for all n = 0, l,... . Since each qn is nonnegative and 11 K,“q [ 1 = 11 qn 11 
is not less than the left side of (9), this will establish divergence of 
the Neumann series C ynKlnq by comparison with the geometric series. 
For n = 0 (9) is seen to be true by elementary computation. For n > 1 
we substitute qn = Krq,-, into the left side of (9), and rearrange the order 
of integration to obtain the expression 
- exp - _ 
[ 
(z - 2’) 
P I 
. q,&i’, ,u’) dz dp dp’ dz’. 
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Here we have used the easily established fact that qi(z, p) = 0 for TV > p0 .2-j. 
Now we carry out the integration on z, and underestimate the result by 
replacing the upper limit of the z’ integration by CZ( 1 - 22”). This yields the 
expression 
(a - u - 2-n-1 - z’) 
(10) 
[ 
1 
- 
P I 
( dp dp’ dz’. 
But in the range of integration the quantity in braces in (10) is easily shown 
to be not less than 1 - exp(- a/2po), which in turn is at least l/y by the 
definition of p,, . Using this estimate, and effecting the p-integration in (IO), 
we find that (10) is strictly greater than the product of l/y by the left side 
of (9) with rz replaced by n - 1. This completes the inductive proof of (9). 
6. SUBCRITICALITY FOR MULTIPLYING SYSTEMS 
The example of the preceding section shows that a hypothesis stronger 
than that of Theorem 1 is necessary in order to use our approach to obtain 
subcriticality theorems for multiplying systems. In this section we give two 
theorems which provide sufficient conditions for multiplying systems to be 
subcritical. The proof of the first of these theorems (Theorem 2) actually 
provides a lower bound for the maximum value of y such that subcriticality 
obtains, whereas the second result (Theorem 3) is simply an existence theo- 
rem to the effect that some multiplying systems are subcritical. 
What we have done in the example of Section 5 is essentially to construct 
a scattering function k such that K&A’, p) at CL’ = 0 is 6(p), where 6 is the 
Dirac delta function, The construction is, of course, sufficiently dressed up so 
as to fit rigorously into our framework. This type of misbehavior can 
be prevented by introducing an additional hypothesis which shall now be 
described. 
For any positive real number y and point z, 0 < z < a, let W(y, a) be 
the set of velocities v such that the inequality 
1 
I 
a-d 
CLZ 
u(s, v) ds .< y 
holds. The additional hypothesis mentioned is the following ((Hl)-(H3) are 
introduced in Section 8): 
409/35.:1-7 
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(H4) For some y > 0 the inequality 
I 
. 
ess sup 
(Z’,V’)EX v-W(y.2’) 
k(z’, v’, v) dv < 1 (11) 
is satisfied. 
Hypothesis (H4) essentially says that the expected number of neutrons 
which are emitted per collision so as to have distance y to travel before 
reaching the slab face must be bounded below y uniformly over all possible 
configurations of the colliding neutron, for sufficiently large y. For the case 
of the optical thickness, s u(s, v) ~5, a bounded function of v, this means 
that the expected number of particles emitted per collision into velocities 
having associated directions with 1 p 1 < E must be bounded below y, 
uniformly in (z’, v’), for some E > 0. Obviously (H4) will be satisfied in most 
problems of physical interest, and it leads to the following result. 
THEOREM 2. If (H4) is satisfied, and the optical thickness corresponding to 
almost every velocity v isfinite, then there exists y1 > 1, determined by k and u, 
such that the system is subcritical for y < y1 . 
Proof. We need only show that y1 = y,(K) > 1. This will be done by 
showing that 11 K 11 < 1, which gives y1 > 1 by (8). 
Let y be such that (11) holds, and denote the quantity on the left of this 
inequality byF(y). Withy so fixed we split the integral on the right of (6) into 
a sum of integrals over W(y, z’) and V - W(y, x’). According to (Pl) and the 
definition of W(y, z’), these two integrals are overestimated if p(z’, v’) is 
replaced respectively by 1 - exp(-y) and 1. The resulting estimate for 
11 K [I can now be rearranged, by using (l), to yield 
II K II < 1 - [l -F(Y)] exp(-y) < 1, WI 
where the last inequality comes from F(y) < 1. This completes the proof. 
The estimate (12) gives a one-parameter family of lower bounds for y1 , 
the best estimate being given by that value of y E [0, CO) for which 
1 - [l - F(y)] exp( - y) is a minimum (provided it exists). The numerical 
application of this estimate was explored in [ 143 for the case of monoenergetic 
isotropically scattering particles. The results were found to be much inferior 
to those given by Wing [19]; however, this type of estimate might well be 
useful for other types of scattering models for which refined methods, such as 
those of [19], are not available. 
The other subcriticality theorem for multiplying systems is a corollary of 
the following result. 
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LEMMA 2. Zf the optical thickness corresponding to almost every velocity v 
isfinite, then h = 1 cannot be an eigenvalue of K. 
Pmof. The idea of the proof is to show that I/ Kh 11 < /( h 11 for any non- 
trivial h in .J??~(T). We may take h to be nonnegative, without loss of generality. 
For any natural number m, let Y, be the set of points (z, v) such that 
h(z, v) > 0 and p(z, v) < 1 - l/m. According to (Pl), the hypothesis, and 
nontriviality of h, it must be the case that Y, has positive T-measure for 
sufficiently large m. By suitably rearranging orders of integration the estimate 
z’, v’) k(z’, v’, v) h(z’, v’) dv d+‘v’) 
is easily obtained. Now we split the (z’, v’) integration into integrals over Y,, 
and X - Y, . The first integral is overestimated by replacing p(z), v’) by 
1 - 1 /m, and the second by replacing p(z’, v’) by 1. The result, after using (I), 
yields the estimate 
~1 Kh II d II h I/ - ; jr”,&, v) ddz, v) < /I h II , 
the latter inequality holding for sufficiently large m. This completes the proof. 
THEOREM 3. Suppose that the optical thickness associated with almost every 
velocity v isjnite, and that K is an eventually compact operator (i.e., some iterate 
of K is compact). Then there exists y1 > 1, determined by k and u, such that the 
system is subcritical for y < y1 . 
Proof. Again we need only show that yi = n(K) > 1. From the proof 
of Theorem 1 we know that yi >, 1. Now l/y, must be in the spectrum of 
K [18]. But an eventually compact operator has only eigenvalues in its 
spectrum [18]. Thus yr = 1 implies that unity is an eigenvalue of K, which 
contradicts Lemma 2. This completes the proof. 
7. EVENTUAL COMPACTNESS OF K 
In order to use Theorem 3, it is desirable to know conditions on the 
problem data, k and u, which imply that K is eventually compact. Our purpose 
in this section is to show that the following condition, in conjunction with 
finiteness of the optical thickness for almost every v, implies that K2 is 
compact. 
(H5) The integral sy$ CT@, v) d x d v is finite. Furthermore the scattering 
function k is such that the following two conditions hold: 
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(i) For any E > 0 there is S > 0, such that for any measurable subset A 
of V having &-measure less than 6, the inequality 
I k(z’, v’, v) dv < E A 
holds for almost every (modulo r) point (z’, v’); 
(ii) The limit 
!z I IUl<E k(z’, v’, v) dv = 0 
(13) 
(14) 
holds uniformly in (z’, v’). 
The requirements in (H5) are satisfied in most problems. In particular 
the important class of cross sections which behave like l/v as v -+ 0 is not 
precluded by the requirement that JJ 0 dz dv be finite. This condition does 
require that a + 0 fairly rapidly as v -+ co. Note that (i) is satisfied if k is 
bounded and that (i) implies (ii) for monoenergetic problems. 
The proof that K2 is compact will now be given in two steps. First we 
defme a family of approximating operators K, , E > 0, and show that each 
K,2 is compact. Secondly we show that K + K uniformly as E -+ 0. Then 
obviously K2 + K2 as E + 0, and K2 is compact because the class of compact 
operators is uniformly closed. 
For a given scattering function k, and for any E > 0, we define a modified 
scattering function k, by 
0, IPI<E or 
k&z’, v’, v) = 
I k(z’, v’, v)[ > $ 
k(z’, v’, v) otherwise. 
Let &(a, v, z’, v’) be defined by replacing k with k, in the definition (4) of 
K(z, v, z’, v’), and denote by K, the integral operator with kernel 
KJz, v, a’, v’) relative to the measure 7. Note that k, also satisfies (I), so all 
of the previous results are true for K, as well as for K. However, for the opera- 
tor K, we can prove directly the following result. 
LEMMA 3. If (H5) holds and the optical thickness is$nite for almost every 
velocity, then for each E > 0 the operator KC2 is compact. 
Proof. Let H&z, v) be defined by 
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Then one easily finds the estimate H&, v) < 1 /e2, which implies that HE(z) v) 
has a finite integral over X by the finiteness of ss u(z, v) dz dv. Thus we have 
shown that K has finite double-norm in Lo, which implies that KC2 is 
compact (see [16], esp. Example E of Sec. 2 of Ch. 11). This completes the 
proof of Lemma 3. 
For fixed but arbitrary E > 0 let Z&‘, v’) = (v 1 k(z’, v’, v) > I/<). It 
then follows from (1) that the dv-measure of ZC(z’, v’) goes to zero, uniformly 
in (z’, v’), as E - 0. This fact will be needed in the proof of the next lemma. 
LE~DIA 4. If the hypothesis of Lemma 3 holds, then K, conzterges uniforml? 
to K as E + 0. 
Proof. By (P2), with K - tz, replacing k, we obtain the estimate 
iK-KK,~/ Geesssup \s p(z), v’) [k(z’, v‘, v) - k,(z’, v’, v)] dv[ . 
(Z’.V’)EX v 
By (PI) and the definition of k, , this may be written as 
,K-KJ <esssup k(z’, v’, v) dv + 1 k(z’, v’, v) dv’ . 
* lLJ<E \ 
The two conditions on k in (H5), together with the discussion preceding the 
statement of Lemma 4, show that the two integrals in this estimate tend to 
zero, uniformly in (a’, v’), as E approaches zero. This completes the proof of 
Lemma 4. 
THEOREM 4. Suppose (H5) is satisfied, and the optical thickness correspond- 
ing to almost every v in T7 isfinite. Then K2 is a compact operator on Lo. 
8. AN ABSTRACT TRANSPORT MODEL 
In this section we describe an abstract model of particle transport in slab 
geometry, and briefly sketch the extension to this model of our earlier results 
for the classical transport models. The abstraction is basically intended to 
yield an extension of our results to discrete models, such as the multigroup 
and discrete ordinate models, but there are other concrete realizations. 
The abstraction consists of the supposition that each particle is associated 
with a state vector v. Following Wing [20], the physical meaning of the term 
“state” is left rather vague for the sake of generality. Except for technical 
requirements which will be formulated below, we need only that the state 
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vector v ranges over a measure space V (the state space), and that each state v 
is associatedwith a vector in E8whose magnitude and direction will be denoted 
by w and P (S = unit vector in E3) respectively. The three-vector OQ is to be 
interpreted physically as the velocity of a particle in state v; however the state 
vector may contain more information than simply the velocity (e.g., type of 
particle, or spin state). The measure on state space I’ will be denoted simply dv. 
The slab material is defined by a parameter y and two functions, u(z, v), 
K(z’, v’, v), where 0 < Z, z’ < u, v, v’ E I’. The physical interpretation of 
these quantities is exactly as in the classical cases treated earlier. We also 
denote by V+ , I’- , and V, the collections of state vectors such that the asso- 
ciated velocities have direction cosine p relative to the z-axis satisfying p > 0, 
p < 0, and VP = 0, respectively. 
The fundamental hypotheses needed to extend our earlier results to this 
abstract model are as follows: 
(Hl) Each of the sets V+ , I’- has positive measure modulo dv, V, has 
measure zero with respect to dv, and the function v + VQ is measurable 
from V to E3 equipped with Lebesque measure. 
(H2) The function u(z, v) is real-valued measurable on the product space 
[0, a] x V. Furthermore the real number U(I, v) is finite and nonnegative for 
almost all (a, v) in [0, a] x V, and the optical thickness 6 U(Z, v) dz exists 
(finite) for almost every fixed v in I’. 
(H3) For almost every (z’, v’) in [0, a] x V, K(z’, v’, v) exists (possibly 
infinite) and is nonnegative for almost every v in I’. The function k(z’, v’, v) 
is measurable on the product space [0, a] x V x V, and the inequality (1) 
holds for almost all (z’, v’) in [0, a] x V. 
The measurability requirements are purely technical. The transport equa- 
tion is still defined by (2) and (3). The requirement that V+ and V- have 
positive measure is necessary in order to make this problem nontrivial. The 
condition that V, be a negligible set is needed because the problem (2) is 
singular at points v such that wp = 0. (The difficulty at p = 0 is apparent 
from (3). That at w = 0 arises because the particle distribution function 
f(a, v) = &, V)/V is actually the fundamental dependent variable, and v 
determines f only at points such that w # 0.) 
Nonnegativity of k and (T is obvious physically, and is required in order that 
K be a positive operator. The hypothesis of finite optical thickness for essenti- 
ally every v, which appeared in all earlier results, is also subsumed into (H2). 
As before the inequality (1) is physically obvious. Note that we permit k to 
have singularities, insofar as these are consistent with (1). 
In all of the earlier discussions we now replace “velocity” by “state vector.” 
Under hypotheses (Hl)-(H3), Propositions (Pl), (P2), and the conclusions 
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of Theorems 1 and 3 and Lemmas 1 and 2 are all true, with the proofs 
virtually unchanged. Hypothesis (H4) remains unchanged, and the conclusion 
of Theorem 2 remains valid under hypotheses (HI)-(H4). In order to prove 
Lemma 3 we need to add to (H5) the technical assumption that the measure 
7 is separable [16], which is easily shown to be satisfied in all concrete realiza- 
tions of which the author is aware. Under the assumptions (HI)-(H3) and 
(H5) thus modified, the conclusions and proofs of Lemmas 3 and 4 and 
Theorem 4 are valid. 
9. CONCLUDING REMARKS 
Although there have been previous transport-theoretic studies in an Yip’ 
framework (see [l, 2, 10, and 21]), ‘t 1 is considerably more common to work 
in either an Y2 or an Y” context. The 5?l requirement seems more natural, 
because the corresponding norm of the solution function has a physical 
interpretation, which is not true for Y2 or 8”. The subcriticality results 
obtained in this paper, under very mild and natural hypotheses, would seem 
quite difficult to obtain by P2 or Y” estimates. 
If K is an operator in P(T), then the (Banach-) adjoint K* is an operator 
in L”(T). The operator K* and its eigenfunctions also have a physical inter- 
pretation as so-called importance functions (see [22] and other references 
cited therein). Furthermore X is in the spectrum of K if, and only if, it is in 
the spectrum of K*. These facts perhaps relate to Theorem 10 of [2], whose 
hypothesis seems to relate more directly to importance than flux, and to the 
work of Keller [3], since K is formally self-adjoint for isotropic scattering 
and constant (T. 
It would be interesting to inquire whether y < yr is necessary for sub- 
criticality, as well as sufficient. One way of answering this in the affirmative 
would be to adopt y < yr as the definition of subcriticality, possibly in one 
of the equivalent forms given by Lemma 1. However, strictly speaking, one is 
only interested in solving (2) for nonnegative v for those nonnegative 4 which 
result from physically possible internal and external neutron sources. It 
seems probable, at least under reasonable conditions, that this can be done 
only if it can be done for every q, but this has not been pursued. 
Finally, we mention that our results should be useful in extending the 
convergence result of Anselone [12], Nestell [13], and Keller [3] to multi- 
plying transport with general scattering law. One wishes to pursue such 
studies in an Yip” framework, but this could be done by first establishing 
existence and uniqueness in P, and then finding additional conditions under 
which the solution is necessarily bounded. The author hopes to pursue this 
matter elsewhere. 
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